A new approximation formalism is applied to study the bound states of the Hellmann potential, which represents the superposition of the attractive Coulomb potential −a/r and the Yukawa potential b exp(−δr)/r of arbitrary strength b and screening parameter δ. Although the analytic expressions for the energy eigenvalues E n,l yield quite accurate results for a wide range of n, ℓ in the limit of very weak screening, the results become gradually worse as the strength b and the screening coefficient δ increase. This is because that the expansion parameter is not sufficiently small enough to guarantee the convergence of the expansion series for the energy levels.
I. INTRODUCTION
Adamowski [1] has presented a study of the systematics of the energy eigenvalues of the twoparticles interacting via the superposition of the Coulomb and Yukawa potential (SCYP):
V (r) = −a/r + b exp(−δr)/r,
where a and b are the strengths of the Coulomb and the Yukawa potentials, respectively, and δ is the screening parameter. It is assumed that a and δ are positive whereas b can be positive or negative. The potential in (1) with b positive was first suggested by Helmann [2, 3] many years ago and henceforth this potential will be referred to as the Hellmann potential irrespectively of the sign of b. The Hellmann potential has been used by various authors to represent the electron-core [4, 5] or the electron-ion [6, 7] interaction. Varshni and Shukla [8] used this model potential for alkali hydride molecules. Das and Chakravarty [9] have proposed that such a potential is suitable for the study of inner-shell ionization problems.
The bound-state energies of the Hellmann potential for various sets of values of b and δ have been studied elaborately by Adamowski in a variational framework using ten variational parameters. The energy eigenvalues have been predicted very accurately but the calculations involve extensive computational time and effort. Moreover, compact analytic expressions far the energy eigenvalues are not obtainable. On the other hand, Dutt et al [10] have also been investigated the bound-state energies as well as the wave functions of this potential using the large-N expansion technique.
In this paper, we study the bound-state properties by applying a new methodology [11] based on the decompose of the radial Schrödinger equation into two pieces having an exactly solvable part and an additional piece leading to either a closed analytical solution or an approximate treatment depending on the nature of the additional perturbed potential.
The application [12, 13] of this novel treatment to the different problems in both, bound and continuum regions, have been proven the success of the formalism. We demonstrate here how such interaction potential can be simply treated within the framework of the present formalism.
One of the prime motivations of the present study is to explore the regions of validity of this approximation formalism for the superposition of potentials such as the one in ( The other motivation is that potential (1) with a = 0 and b = −αZ can be reduced into the static screened Coulomb potential (SSCP) of the simple form:
where a = (137.037) −1 is the fine-structure constant and Z is the atomic number, is often used to compute bound-state normalizations and energy levels of neutral atoms [14, 15, 16, 17] which have been studied over the past years. It is known that SSCP yields reasonable results only for the innermost states when Z is large. However, for the outermost and middle atomic states, it gives rather poor results. Although the bound-state energies for the SSCP with Z = 1 have been studied [18] in the light of the shifted large-N method. Recently, we have also investigated that this novel treatment is useful in predicting bound-state energy levels of light to heavy neutral atoms [17] .
The contents of this paper is as follows. In section II we breifly outline the method with all necessary formulae to perform the current calculations. In section III we apply the approach to the Schrödinger equation with Hellmann potential and present the results obtained analytically for the bound-state energy values upto third perturbation energy shift.
Section IV contains the numerical results. Finally, in section V we give our conclusions.
II. THE METHOD
For the consideration of spherically symmetric potentials, the corresponding Schrödinger equation, in the bound state domain, for the radial wave function reads
with
where ∆V (r) is a perturbing potential and ψ n (r) = χ n (r)u n (r) is the full radial wave function, in which χ n (r) is the known normalized eigenfunction of the unperturbed Schrödinger equation whereas u n (r) is a moderating function corresponding to the perturbing potential.
Following the prescription of Refs. [11, 12, 13] , we may rewrite (3) in the form:
The logarithmic derivatives of the unperturbed χ n (r) and perturbed u n (r) wave functions are given by
which leads tō
where ε n is the eigenvalue for the exactly solvable potential of interest, and
in which ∆ε n = E
n + E
n + · · · is the correction term to the energy due to ∆V (r) and E n = ε n + ∆ε n . If Eq. (8), which is the most significant piece of the present formalism, can be solved analytically as in (7), then the whole problem, in Eq. (3) is
which is a well known treatment within the frame of supersymmetric quantum theory (SSQT) [19] . Thus, if the whole spectrum and corresponding eigenfunctions of the unperturbed interaction potential are known, then one can easily calculate the required superpotential W n (r) for any state of interest leading to direct computation of related corrections to the unperturbed energy and wave function.
For the perturbation technique, we can split the given potential (3) into two parts. The main part corresponds to a shape invariant potential, Eq. (7), for which the superpotential is known analytically and the remaining part is treated as a perturbation, Eq. (8) . Therefore, it is obvious that Hellmann potential can be treated using this prescription. In this case, the zeroth-order term corresponds to the Coulomb potential while higher-order terms consitute the perturbation. However, the perturbation term in its present form cannot be solved exactly through Eq. (8) . Thus, one should expand the functions related to the perturbation in terms of the perturbation parameter λ,
where i denotes the perturbation order. Substitution of the above expansions into Eq. (8) and equating terms with the same power of λ on both sides up to O(λ 4 ) gives
Hence, unlike the other perturbation theories, Eq. (8) and its expansion, Eqs. (11)- (14),
give a flexibility for the easy calculations of the perturbative corrections to energy and wave functions for the nth state of interest through an appropriately chosen perturbed superpotential.
III. APPLICATION TO THE HELLMANN POTENTIAL
Considering the recent interest in various power-law potentials in the literature, we work through the article within the frame of low screening parameter. In this case, the Hellmann potential can be expanded in power series of the screening parameter δ as [13, 17, 20 ]
where the perturbation coefficients V i are given by
We now apply this approximation method to the Hellmann potential with the angular momentum barrier
where the first piece is the shape invariant zeroth-order which is an exactly solvable piece corresponding to the unperturbed Coulomb potential with V 0 (r) = −(a−b)/r while ∆V (r) =
The literature is rich with examples of particular solutions for such power-law potentials employed in different fields of physics, for recent applications see Refs. [21, 22] . At this stage one may wonder why the series expansion is truncated at a lower order. This can be understood as follows.
It is widely appreciated that convergence is not an important or even desirable property for series approximations in physical problems. Specifically, a slowly convergent approximation which requires many terms to achieve reasonable accuracy is much less valuable than the divergent series which gives accurate answers in a few terms. This is clearly the case for the Hellmann problem [23] . However, it is worthwhile to note that the main contributions come from the first three terms. Thereby, the present calculations are performed up to the third-order involving only these additional potential terms, which suprisingly provide highly accurate results for small screening parameter δ.
A. Ground State Calculations (n = 0)
In the light of Eq. (7), the zeroth-order calculations leading to exact solutions can be carried out readily by setting the ground-state superpotential and the unperturbed exact energy as
and from the literature, the corresponding normalized Coulomb bound-state wave function [13, 17, 24 ]
x m is an associate Laguarre polynomial function [25] .
For the calculation of corrections to the zeroth-order energy and wavefunction, one needs to consider the expressions leading to the first to the third-order perturbation given by Eqs.
(11)- (14) . Multiplication of each term in these equations by χ 2 n (r), and bearing in mind the superpotentials given in Eq. (6), one can obtain the straightforward expressions for the first-order correction to the energy and its superpotential:
and for the second-order correction and its superpotential:
and for the third-order correction and its superpotential:
for any state of interest. The above expressions calculate W
(1)
n (r) and W
n (r) explicitly from the energy corrections E
n , E (2) n and E (3) n respectively, which are in turn used to calculate the moderating wave function u n (r).
Thus, using Eqs. (20)- (22), one finds the zeeroth order energy shift and their moderating superpotentials, for a = b, as
0 (r) =h
where N 0 = (ℓ + 1) , N 1 = (ℓ + 2) and L = ℓ(ℓ + 1). Therefore, the analytical expressions for the lowest energy and full radial wave function of the Hellmann potential are then given by
Hence, the explicit form of the full wave function in (24) for the ground state is
with P (r) = 3 i=2 p i r i is a polynomial of third order having the following coefficients:
in which
B. Excited state calculations (n ≥ 1)
The procedures applied in the calculations of the ground states becomes extremely cumbersome in the description of radial excitations when nodes of wavefunctions are taken into account, in particular during the higher order calculations. Although several attempts have been made to bypass this difficulty and improve calculations in dealing with excited states, (cf. e.g. [26] , and the references therein) within the frame of supersymmetric quantum mechanics.
Using Eqs. (6), (18) and (19) , the superpotential W n (r) which is related to the excited states can be readily calculated by means of Eqs. (20)- (22) . Therefore, the energy shifts in the first excited state, with a = b, are:
1 (r) =h
Therefore, the approximated energy value of the Hellmann potential corresponding to the first excited state is
1 + E
The related radial wavefunction can be expressed in an analytical form in the light of Eqs (20), (21) and (24), if required. The appromation used in this work would not affect considerably the sensitivity of the calculations. On the other hand, it is found analytically that our investigations put forward an interesting hierarchy between W
n (r) terms of different quantum states in the first order with a = b after circumventing the nodal difficulties elegantly,
where N n = (n+ℓ+1). Therefore, for the second excited state (n = 2) leads to the first-order energy shift and superpotential
2 (r) =h
where N 2 = (ℓ + 3) . Thus, the use of W
2 (r) in Eq. (21) gives the energy shift and supersymmetric potential in the second-order with a = b as
Finally, we obtain the third-order energy shift as
Therefore, the approximated energy eigenvalue of the Hellmann potential corresponding to the second excited state is
2 + E
2 + · · · .
In general, from the supersymmetry, we find out the nth state energy shifts together with their supersymmetric potentials with a = b as
n (r) =h
where N n+1 = (n + l + 2). Consequently, the total energy for the nth state is
IV. NUMERICAL RESULTS
For the numerical work, we take a = 2 and thus our b is to be identified as the corresponding rescaled parameter in Adamowski's paper. Consequently, our energy eigenvalues are like those obtained by Adamowski. In Tables 1 and 2, we Table 3 for the states 1s up to 3d. The results for the higher excited states (from 5s up to 7i) are presented in Therefore, we display our results in Tables 1 and 2 For certain values of δ, the perturbation potentials for some states becomes so shallow that the expansion for the energy seies becomes divergent in the sense that higher perturbation terms in Eq.(35) dominate over the unperturbed term in Eq. (18) and cousequently one gets anomalous results.
(ii) For almost most strongly attractive (negative) b but small δ, it is possible to determine the binding energy eigenvalues for 1s up to 4f states.
(iii) For a given n, the results of the energy eigenvalues, E nℓ increase with increasing ℓ if the Yukawa potential is attractive (b < 0), and E nℓ decrease with increasing ℓ if the Yukawa potential is repulsive (b > 0); i.e., for ℓ > ℓ
respectively. This is found to be consistent with the level ordering theorem of Grosse and Martin [27] . The s levels are mostly split off from the hydrogenlike levels E (iv) For the attractive Yukawa potential there exist some values of b and δ for which the energy levels with larger n and smaller ℓ become lower than the levels with smaller n and larger ℓ, i.e., E nℓ ≤ E n ′ ℓ ′ if n > n ′ ≥ 3 and ℓ < ℓ ′ .
(v) For the repulsive Yukawa potential there are some values of the strength b and the screening parameter δ for which the energy eigenvalues for larger n and ℓ become lower than those for smaller n and ℓ, i.e.,
On the other hand, in Tables 6 and 7 , we present the ground and excited energies (in units such thath 2 /2m = 1) for several states ℓ = 0, 1, 2 calculated for the potential in Eq. (2) and compare them with other works [28] . One finds that our results are remarkably good for the ℓ = 0 ground state. As ℓ increases for a given b, the error increases. However as b increases, the relative error decreases rapidly. This is particularly useful when b is large. For large b, the calculated energies compare very well with high precision numerical calculation presented by other works [11, 12, 28] . deviations of E nℓ from E H n decrease with increasing quantum number ℓ, which results in the corresponding ordering of the energy levels for a given n. This is due to the influence of the finite range Yukawa potential (YP), which decreases with increasing ℓ.
The properties of the energy spectrum for the Hellmann potential obtained in the present work have many analogies in atomic, solid-state, and quark physics. Property (i), giving the order of the energy levels E nℓ with the same n, dependent on ℓ and on the sign of the YP, has
an application to such systems as an exciton and a bound polaron in polar semiconductors and ionic crystals. These systems consist of two oppositely charged particles interacting with themselves through a polarizable medium. The energy levels of both the systems exhibit this case, although the total effective potential is even more complicated than the Hellmann potential, being a linear combination of the Coulomb potential and an additional potential, which is a sum of two Yukawa potentials with different strengths and screening parameters, and an exponential potential. However, the net contribution of the additional potential is negative for the exciton and positive for the bound polaron and one of the Yukawa potentials dominates at small distances [29, 30, 31] .
Another system, having the energy levels ordered similarly to those for the Hellmann potential with b > 0, is the quarkonium (the bound state of heavy quark-antiquark pair).
For each n the energy levels of the quarkonium system increase with increasing ℓ. This can be explained in the frames of the simple model, assuming that the quark interact via the potential being the superposition of the attractive Coulomb potential and the positive linear potential (Cornell potential) [32] . 
ACKNOWLEDGMENTS
b = +1 b = −11s
